Introduction
The central robot-programming problem is to enable a robot to perform tasks despite its uncertain position relative to external objects. The use of sensing to reduce uncertainty significantly extends the range of possible tasks. Sensor-based robot programs are very difficult to write, however, as there is little theory to serve as a guide. To make matters worse, programs written for one task are seldom, if ever, applicable to other tasks. These two points make the development of an automatic synthesis strategy for sensor-based robot programs a key priority.
In this paper, we propose a formal approach to the automatic synthesis of a class of compliant, fine-motion strategies applicable to assembly tasks. The approach uses geometric descriptions of parts and estimates of measurement and motion errors to produce fine-motion strategies. Although our description of the approach will be in the form of an abstract algorithm, no implementation of this approach exists at present (although implementation is in progress). The formalism provides a structured way of thinking about finemotion strategies and, therefore, may be helpful to human programmers of such strategies. The specification of particular compliant motions to achieve a task requires knowledge of the geometric constraints imposed by the task. Given a description of the constraints, choices can be made for the compliant-motion parameters, for example, motion freedoms to be force controlled and those to be position con- trolled (Paul and Shimano 1976; Mason 1981; Raibert and Craig 1981) , or the center of compliance and axis stiffnesses (Hanafusa and Asada 1977; Salisbury 1980; Whitney 1982) . It is common however, for position uncertainty to be large enough so that the programmer cannot unambiguously determine which geometric constraint holds at any instant in time. Figure 1 , for example, shows some different initial conditions that can hold in two-dimensional, peg-in-hole insertion.
Under these circumstances, the programmer must employ a combined strategy of force and position con- trol that guarantees reaching the desired final configuration from all of the likely initial configurations. We call such a strategy a fine-motion strategy.
One of the most widely studied tasks in robotics is the two-dimensional, peg-in-hole task. Detailed analyses have been carried out to determine strategies that guarantee successful insertion once the peg is partly in the hole (McCallion and Wong 1975; Simunovic 1975; Drake 1977; Ohwovoriole and Roth 1981; Whitney 1982) . When the initial uncertainty in position is large enough, a strategy must also be devised to ensure that the peg can find the hole (Inoue 1974; McCallion and Wong 1975 (Drake 1977; Whitney 1982 (Inoue 1974 (Inoue 1974 A related approach to deriving a strategy from &dquo;experiments&dquo; is based on the theory of stochastic automata (Simons et al. 1982 Fig. 3B ). This is a simplified problem but not a completely artificial one. It is equivalent to the twodimensional, peg-in-hole problem in Fig. 3A (Nilsson 1980 (Mason 1981 ) .
When not in contact with a surface, the motion is along the commanded velocity (to within the velocity uncertainty).
The generalized-damping model (Whitney 1977) Fig. 10 ). In this paper, we havejimited ourselves to two-dimensional translation. It is possible, however, to extend the transformation approach to more general motions by using the configurations space (C-space) of a task (Arnold 1980; Lozano-Pérez 1981; Fig. 13 . GeoYnetric conditions giving rise to C-surfaces. feasible contacts between vertices, edges, and faces of A and B (see Fig. 13 ) (Lozano-P6rez 1983) . Therefore, each face of a C-space obstacle represents a particular type of geometric constraint on A. A range of positions (and orientations) of A can be represented as a volume in the C-space of A, and a motion of A is a curve in the C-space.
As an illustration of the use of C-space surfaces, consider the familiar two-dimensional, peg-in-hole problem from Fig. 3 . We can construct a three-dimensional C-space of (x, y, 0) configurations of the peg. In this space, the hole defines an obstacle (see Fig. 14A ). Note that although the resulting surfaces are curved, for each value of 0 the (x, y) cross section of the Cspace surfaces is polygonal. The surfaces represent one-point contacts, and the edges at the intersections of surfaces represent two-point contacts. Line-line contacts also give rise to edges at the intersections of one-point contact surfaces. Figure 14B shows cross sections for a peg and chamfered hole.
The C-space representation can be extended to more general kinematic situations. In general, motions subject to geometric and kinematic constraints can be defined as collections of equalities and inequalities that must hold among the parameters that determine The constraint relating the position of the hand (x, y), to the position of the crank axis (a constant) and its current angle, a, is a curve (one-dimensional surface) in the configuration space of the task, that is, the (x, y, a) space.
Our goal is to make the detailed analysis of assembly operations algorithmic by casting it in terms of Csurfaces. The purely geometric aspects of the analysis have been exploited in earlier work on obstacle avoidance (Brooks and Lozano-P6rez 1982; LozanoP6rez 19$1; . C-surfaces also share many of the characteristics of &dquo;real&dquo; surfaces with respect to force analyses. This was exploited by Mason (1981) to synthesize compliant motions. The synthesis approach described here also requires a mechanism for computing the effects of friction. Recent work has resulted in a definition of friction cones for C-surfaces (Erdmann 1983) . Work is underway to show that conditions for avoiding jamming for the peg in hole can be restated in terms of the relationship of applied forces to these C-space friction cones.
A General Framework
In the previous section, we illustrated an abstract planning algorithm for fine-motion strategies. Al (Fig. 15) . Using the position sensor alone, the planner would have to admit the possibility of the robot being positioned anywhere inside the disk centered on the sensed position. To attain the goal with a single motion would be impossible. However, if the accomplished subgoal R is also consulted, the set of possible initial positions is reduced-the robot must be in the intersection of R with the disk. Starting from this smaller set of possible initial positions, with a command nominal velocity down to the right, it is easy to confirm that all the virtual robots will achieve the goal.
Thus the history of the robot, represented by the accomplished subgoal R, must be taken into account to construct the termination predicate. When the set of feasible trajectories is constructed, initial positions outside the subgoal R should be excluded. That the termination predicate is dependent on the accomplished subgoal R is an important observation, which profoundly affects the ultimate form of the planning algorithm.
DEFINITION OF PRE-IMAGE
The fundamental element in our approach to planning is the ability to construct a pre-image: a set of points from which the goal can be attained in a single motion.
In Section 2, the pre-image depended on the goal G and a range of command nominal velocities. By proceeding more formally in this section, we find that the pre-image need not depend on the command nominal Fig. 1 ((v4, p(c*, v*, t) (Turk 1983 Fig. 18 . Consider, for example, the set shown in Fig. 18C (Lozano-P6rez 1981; Brooks and Lozano-P6rez 1983) , compliant motion (Mason 1981 ) , pushing (Mason 1982) , grasping (Lozano-P6rez 1981; Mason 1982) Consider an object controlled by a generalized damper with vo (at an angle 0 below horizontal) on a rigid surface whose normal points are along the y axis (see Fig. 19A ). When the object strikes the surface, the objection can (1) slide to the right, (2) slide to the left, (3) remain motionless. We can use Coulomb's law to determine which of these three possibilities will occur.
First, consider case 1, in which the object slides to the right; the velocity v is horizontal. Coulomb's law dictates that the contact force f will make an angle cp = tan-',u with the surface normal. Using the damper equation in a simple construction in velocity space (Fig. 19B) , we see that the nominal velocity angle 0 must be less than n/2 -0. Case 2, in which the object slides to the left, is quite similar and yields the constraint that 0 must be greater than n/2 + 0.
Finally, consider case 3, in which the object sticks (remains motionless). The 
